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Abstract
In this paper, we will investigate function spaces, including a Sobolev space, a Besov
space and a Triebel-Lizorkin space, on the Laguerre hypergroup.
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1 Introduction and preliminaries
In [] and [], the authors investigated a Sobolev space on the dual of the Laguerre hyper-
group and a generalized Besov space on the Laguerre hypergroup. In this paper, we deﬁne
a Sobolev space on the Laguerre hypergroup by the Bessel potential. Then, we deﬁne a
Besov space by the real interpolation of a Sobolev space and prove that our deﬁnition is a
generalization of that given in []. For the completeness, we also study a Triebel-Lizorkin
space on the Laguerre hypergroup.
We ﬁrst give some notations about the Laguerre hypergroup. Let K = [,∞) × R




α+ dxdt, α ≥ .




∣∣f (x, t)∣∣p dmα(x, t)) p , ≤ p <∞,
‖f ‖α,∞ = esssup(x,t)∈K
∣∣f (x, t)∣∣.
For (x, t) ∈K, the generalized translation operators T (α)(x,t) are deﬁned by














x + y + xyr cos θ , s + t + xyr sin θ )r( – r)α– dr dθ , if α > .
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It is known that T (α)(x,t) satisﬁes∥∥T (α)(x,t)f ∥∥α,p ≤ ‖f ‖α,p. ()
LetMb(K) denote the space of bounded Radonmeasures onK. The convolution onMb(K)
is deﬁned by
(μ ∗ ν)(f ) =
∫
K×K
T (α)(x,t)f (y, s)dμ(x, t)dν(y, s).
It is easy to see thatμ∗ν = ν∗μ. If f , g ∈ Lα(K) andμ = fmα , ν = gmα , thenμ∗ν = (f ∗g)mα ,
where f ∗ g is the convolution of functions f and g deﬁned by
(f ∗ g)(x, t) =
∫
K
T (α)(x,t)f (y, s)g(y, –s)dmα(y, s).
The following lemma follows from ().
Lemma  Let f ∈ Lα(K) and g ∈ Lpα(K), ≤ p≤ ∞. Then
‖f ∗ g‖α,p ≤ ‖f ‖α,‖g‖α,p.
(K,∗, i) is a hypergroup in the sense of Jewett (cf. [, ]), where i denotes the involu-
tion deﬁned by i(x, t) = (x, –t). If α = n –  is a nonnegative integer, then the Laguerre hy-
pergroup K can be identiﬁed with the hypergroup of radial functions on the Heisenberg
group Hn.





, r > .
It is clear that the dilations are consistent with the structure of the hypergroup. Let








‖fr‖α, = ‖f ‖α,.
We also introduce a homogeneous norm deﬁned by |(x, t)| = (x +t)  (cf. []). Then we
can deﬁne the ball centered at (, ) of radius r, i.e., the set Br = {(x, t) ∈K : |(x, t)| < r}.
Let f ∈ Lα(K). Set x = ρ(cos θ )

 , t = ρ sin θ . We get∫
K
f (x, t)dmα(x, t)








ρ(cos θ )  , ρ
 sin θ
)
ρα+(cos θ )α dρ dθ .
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If f is radial, i.e., there is a function ψ on [,∞) such that f (x, t) =ψ(|(x, t)|), then
∫
K



















√π (α + )(α + )( α + )
rα+. ()














L is positive and symmetric in Lα(K), and is homogeneous of degree  with respect to the
dilations deﬁned above. When α = n – , L is the radial part of the sublaplacian on the
Heisenberg group Hn. We call L the generalized sublaplacian.






( – s)α+ exp
(
– xs – s
)
. ()
For (λ,m) ∈ R×N, we put
ϕ(λ,m)(x, t) =
m!(α + )
(m + α + )e
iλte–  |λ|xL(α)m
(|λ|x).
The following proposition summarizes some basic properties of functions ϕ(λ,m).
Proposition  The function ϕ(λ,m) satisﬁes
(a) ‖ϕ(λ,m)‖α,∞ = ϕ(λ,m)(, ) = ,
(b) ϕ(λ,m)(x, t)ϕ(λ,m)(y, s) = T (α)(x,t)ϕ(λ,m)(y, s),
(c) Lϕ(λ,m) = |λ|(m + α+ )ϕ(λ,m).




f (x, t)ϕ(–λ,m)(x, t)dmα(x, t).
It is easy to know that
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Write Lpα(Kˆ) instead of Lp(R×N,dγα). We have the following Plancherel formula:
‖f ‖α, = ‖fˆ ‖Lα (Kˆ), f ∈ Lα(K)∩ Lα(K).
Then the generalized Fourier transform can be extended to the tempered distributions.
We also have the inverse formula of the generalized Fourier transform




provided fˆ ∈ Lα(Kˆ).
In the following, we give some basic properties about the heat kernel whose proofs can
be found in []. Let {Hs} = {e–sL} be the heat semigroup generated by L. There is a unique
smooth function h((x, t), s) = hs(x, t) on K× (, +∞) such that
Hsf (x, t) = f ∗ hs(x, t).








e–  λ coth(λs)xeiλt dλ
and
hs(x, t)≤ Cs–α–e– As |(x,t)| ,
where A is a constant.
Let S(K) be the Schwartz space of functions ψ : R → C even with respect to the ﬁrst
variable, C∞ on R and rapidly decreasing together with all their derivatives, i.e., for all




 + x + t
)k∣∣∣∣ ∂p+q∂xp∂tq ψ(x, t)
∣∣∣∣} <∞.
Assume  is a function deﬁned on R×N. Then let –(λ, ) =(λ, ) and form≥ ,
–(λ,m) =(λ,m) –(λ,m – ).
We write
+(λ,m) =(λ,m + ) –(λ,m),
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(α +m + )+(λ,m) +m–(λ,m)
)
.
S(R×N) is the space of functions  : R×N→C satisfying














is bounded and continuous on R, C∞ on R and such that the left and the right
derivatives at zero exist;











D(R×N) is the subspace of S(R×N) of functions  satisfying the following:
(i) there existsm ∈N such that (λ,m) = , for all (λ,m) ∈ R×N such thatm >m.
(ii) for all m <m, the function λ → (λ,m) is C∞ on R, with compact support and
vanishes out of a neighborhood of zero.
In the following, we introduce some basic notation about the real and complex interpo-
lation, more about these can be found in [].
The real interpolation includes K-method and J-method. We ﬁrst give the K-method
as follows: let X and Y be two Banach spaces, then for any u ∈ X + Y , denote
K(t,u) = min
u=u+u












where  ≤ q ≤ ∞. The K-method of real interpolation consists in taking Kθ ,q(X,Y ) to be
the set of all u in X + Y such that ‖u‖θ ,q;K <∞.
The J-method of real interpolation is deﬁned as follows: for any u ∈ X ∩ Y , let
J(t,u) =max
(‖u‖X , t‖u‖Y ).
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The norm of u is ‖u‖θ ,q;J := infv (v).
The complex interpolation consists in looking at the space of analytic functions f with
values in X + Y deﬁned on the open strip  < Z <  and continuous on the closed strip






∥∥f (iy)∥∥X , supy ∥∥f ( + iy)∥∥Y
}
.
For  < θ < , one deﬁnes [X,Y ]θ = {u ∈ X + Y }, with the norm ‖u‖ = inff (θ )=u ‖f ‖.
The paper is organized as follows. In Section , we will investigate Sobolev spaces on K.
A Besov space and a Triebel-Lizorkin space will be studied in Section  and Section 
respectively.
Throughout the paper, we will use C to denote the positive constant, which is not nec-
essarily the same at each occurrence.
2 Sobolev spaces onK
In this section, we will study a Bessel potential space on the Laguerre hypergroup K.
Let s ∈ R. Then the Bessel potential on K is deﬁned by





t( s )–e–te–tL dt.
It is easy to prove that the Bessel potentials satisfy the following semigroup property: JsJ t =
Js+t and J–mJs = Js–m, where s, t ∈ R,m ∈N and s >m.
The Bessel potentials also satisfy the following property.
Proposition  The Bessel potential Js : Lpα(K) → Lpα(K) is bounded, where s >  and  ≤
p≤ ∞.
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Js : Lpα(K) → Lpα(K) is bounded for s >  and  ≤ p ≤ ∞ follows from (). This gives the
proof of Proposition . 
Now, we deﬁne the Bessel potential space on K.
Deﬁnition  For ≤ p≤ ∞, s ∈ R, we deﬁne the Bessel potential spaceWsp(K) as follows:
If s > , thenWsp(K) is the collection of all functions f ∈ Lpα(K) such that f = Jsh for some
h ∈ Lpα(K) with the norm ‖f ‖Wsp = ‖h‖α,p;
If s < , thenWsp(K) is the collection of all distributions f ∈ S ′(K) such that f = J–mh for
some h ∈W m+sp (K), wherem ∈N with m + s > , and ‖f ‖Wsp = ‖h‖Wm+sp ;
If s = , thenW p (K) = Lpα(K).
Remark 
() When s >  and  < p <∞, we call Wsp(K) the Sobolev space on K.
() It is easy to know that the deﬁnition of the spaceWsp(K) with s <  is independent
of m.
In the following, we prove that the spacesWsp(K) are complete.
Proposition  The Bessel potential spaces Wsp(K), where  ≤ p ≤ ∞ and s ∈ R, are com-
plete.
Proof If s > , let {fn} be a Cauchy sequence in Wsp(K), then {J–sfn} is a Cauchy sequence
in Lpα(K). So there exists g ∈ Lpα(K) such that
∥∥J–sfn – g∥∥α,p → , n→ ∞.
Therefore,
∥∥fn – Jsg∥∥Wsp = ∥∥J–sfn – g∥∥α,p → , n→ ∞.
By Proposition , Jsg ∈ Lpα(K). This proves that Wsp(K) is complete with s >  and
≤ p≤ ∞.
If s < , let {fn} be a Cauchy sequence in Wsp(K), then there exists a sequence {hn} in
W m+sp (K) such that fn = J–mhn and ‖fn‖Wsp = ‖hn‖Wm+sp . Therefore, {hn} is a Cauchy se-
quence inW m+sp (K). Following from the case of s > , there exists h ∈W m+sp (K) such that
‖hn – h‖Wm+sp → , n→ ∞.
Since h ∈W m+sp (K), we have J–mh ∈Wsp(K) and∥∥fn – J–mh∥∥Wsp = ∥∥J–mhn – J–mh∥∥Wsp = ‖hn – h‖Wm+sp → , n→ ∞.
Therefore,Wsp(K) is complete with s < .
If s = , the result is obvious. This completes the proof of Proposition . 
The Bessel potential space satisﬁes:
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Proposition  Let s, t ∈ R and ≤ p≤ ∞, we have
() If s > t, then Wsp(K)⊆Wtp(K);
() Js :Wtp(K)→Ws+tp (K) is an isomorphism;
() (Wsp(K))′ =W–sp′ (K), where p + p′ = .
Proof We will give the proof of the case s > , the other cases can be proved similarly.
() Let f ∈Wsp(K). Then there exists h ∈ Lpα(K) such that
f = (I + L)– s h = (I + L)– t (I + L)– s–t h.
Since s > t, by Proposition , Js–t is bounded on Lpα(K). Therefore, (I + L)– s–t h ∈ Lpα(K),
then f ∈Wtp(K). This provesWsp(K)⊆Wtp(K).
() For f ∈Wtp(K), there exists h ∈ Lpα(K) such that f = (I + L)–
t
 h. Therefore,
Jsf = (I + L)– s f = (I + L)– s+t h ∈Ws+tp (K)
and
∥∥Jsf ∥∥Ws+tp = ‖h‖α,p = ‖f ‖Wtp .
() For f ∈ Wsp(K) and g ∈ W–sp′ (K), there exist h ∈ Lpα(K), h ∈ W m–sp′ (K) such that f =
Jsh, g = J–mh. Since h = Jm–sh, where h ∈ Lp
′
α (K), we have
〈f , g〉 = 〈Jsh, J–mh〉 = 〈Jsh, J–sh〉.
By the part () that we have proved, we have
〈f , g〉 = 〈Jsh, J–sh〉 = 〈Jsh,h〉.
Note Jsh ∈ Lpα(K), h ∈ Lp
′
α (K), we can getW–sp′ (K)⊆ (Wsp(K))′.
For the reverse, let T ∈ (Wsp(K))′, then there exists C >  such that
|Tf | ≤ C‖f ‖Wsp , f ∈Wsp(K).
For any h ∈ Lpα(K), let f = Jsh, then |TJsh| ≤ C‖h‖α,p, i.e., TJs ∈ (Lpα(K))′. Therefore, there




h(x, t)g¯(x, t)dmα(x, t) =
∫
K




f (x, t)Jsg¯(x, t)dmα(x, t) =
∫
K
f (x, t)J–sJsg¯(x, t)dmα(x, t).




f (x, t)k¯(x, t)dmα(x, t).
Therefore, (Wsp(K))′ ⊆W–sp′ (K). We complete the proof of Proposition . 
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3 Besov space onK
In this section, we will deﬁne a Besov space on K by the real interpolation of the Bessel
potential spaces.
Deﬁnition  ρ ∈ L(R × N) is called a Fourier multiplier on Lpα(K) if the convolution
(F–ρ) ∗ f ∈ Lpα(K) for all f ∈ Lpα(K) and
‖ρ‖Mp = sup‖f ‖α,p=
∥∥(F–ρ) ∗ f ∥∥
α,p <∞,
where  ≤ p ≤ ∞. The linear space of all such ρ is denoted by Mp, the norm on Mp is
‖ · ‖Mp .
We have the following property about the Fourier multiplier on Lpα(K).
Proposition  If ρ ∈ Mp, then ρr ∈ Mp and ‖ρr‖Mp = ‖ρ‖Mp , where  ≤ p ≤ ∞ and
ρr(λ,m) = ρ(rλ,m).
Proof It is easy to prove













p ‖f ‖α,p, we get
‖ρr‖Mp = sup‖f ‖α,p=




α,p = ‖ρ‖Mp ,




. This proves Proposition . 
Let  ∈ D(R× N) satisfy supp = {(λ,m) : – ≤ |λ| ≤ ,m ≤ m} and ϕ(λ,m) > , for
– < |λ| < ,m <m. Then, form <m, let
ϕ(λ,m) = (λ,m)∑+∞
k=–∞ (–kλ,m)
and ϕ(λ,m) =  form≥m, we have
(i) suppϕ = {(λ,m) : – ≤ |λ| ≤ ,m≤m};
(ii) ϕ(λ,m) > , for – < |λ| < ,m <m;
(iii)
∑+∞
k=–∞ ϕ(–kλ,m) = , for λ = ,m <m.
We deﬁne functions ϕk and ψ on K by (Fϕk)(λ,m) = ϕ(–kλ,m), (Fψ)(λ,m) =  –∑∞
k= ϕ(–kλ,m). Then, we have:
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Lemma  Let f ∈ S ′(K) and assume ϕk ∗ f ∈ Lpα(K), where ≤ p≤ ∞ and s ∈ R. Then∥∥Jsϕk ∗ f ∥∥α,p ≤ C–sk‖ϕk ∗ f ‖α,p,
where k ≥ .
If ψ ∗ f ∈ Lpα(K), then∥∥Jsψ ∗ f ∥∥
α,p ≤ C‖ψ ∗ f ‖α,p.
Proof For k ∈N, we have
ϕk ∗ f =
l=∑
l=–
(ϕk+l ∗ ϕk ∗ f ).
Therefore, it is suﬃcient to prove that∥∥F(Jsϕk+l)∥∥Mp ≤ –ks.
By
F(Jsϕk+l)(λ,m) = ( + |λ|(α +  + m))– s ϕ(–(k+l)λ,m)




–(k+l) + |λ|(α +  + m))– s ϕ(λ,m).
Then Lemma  gives
∥∥–(k+l)s(–(k+l) + |λ|(α +  + m))– s ϕ(λ,m)∥∥Mp ≤ C–ks.






∣∣Jsψ(x, t)∣∣dmα(x, t) + ∫
‖(x,t)‖≤
∣∣Jsψ(x, t)∣∣dmα(x, t)
= I + I.






















)–l dmα(x, t)) (∫
‖(x,t)‖>
∣∣F–(lF(Jsψ))(x, t)∣∣ dmα(x, t))  .
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∣∣(lF(Jsψ))(λ,m)∣∣ dγα(λ,m))  .
Since lF (Jsψ) ∈ Lα(R×N), we get I <∞.













∣∣F(Jsψ)(λ,m)∣∣ dγα(λ,m))  .
Since F (Jsψ) ∈ Lα(R × N), we get I < ∞. Therefore, Jsψ ∈ Lα(K) and Lemma  is
proved. 
Deﬁnition  For s ∈ R, ≤ p≤ ∞ and ≤ q≤ ∞, we deﬁne the Besov space Bsp,q(K) as
Bsp,q(K) =
{








sk‖ϕk ∗ f ‖α,p
)q) q .
Remark  By Theorem .. in [], we know Bsp,q(K) is complete with s ∈ R,  ≤ p ≤ ∞
and ≤ q≤ ∞.
In the following, we prove that our deﬁnition coincides with Deﬁnition . in [] for
s > , ≤ p≤ ∞ and ≤ q≤ ∞.
Theorem  Let ≤ p, q ≤ ∞, s ∈ R. Then we have





where s = ( – θ )s + θs,  < θ < , s, s ∈ R and s = s.
Proof Let f ∈ Kθ ,q(Wsp (K),Wsp (K)) and put f = f + f, fi ∈Wsip (i = , ). By Lemma ,
‖ϕk ∗ f ‖α,p ≤ ‖ϕk ∗ f‖α,p + ‖ϕk ∗ f‖α,p
≤ C(–sk∥∥J–s f∥∥α,p + –sk∥∥J–s f∥∥α,p).
So











sk‖ϕk ∗ f ‖α,p
)q) q ≤ C‖f ‖θ ,q;K .
Similarly, we can prove
‖ψ ∗ f ‖α,p ≤ CK(, f )≤ C‖f ‖θ ,q;K .
Therefore,







By Lemma  again, we have
(s–s)kJ
(
(s–s)k ,ϕk ∗ f
)≤ Csk‖ϕk ∗ f ‖α,p
and
J(,ϕk ∗ f )≤ C‖ψ ∗ f ‖α,p,
where





By Lemma .. in [], we know that J(t, f ) is increasing with respect to t. Therefore,















(s–s)k ,ϕk ∗ f
))q) q




sk‖ϕk ∗ f ‖α,p
)q) q
= C‖f ‖sp,q <∞.
By Theorem .. in [], we know that J(t, f ) is equivalent to K(t, f ). So
‖f ‖θ ,q;K ≤ C‖f ‖θ ,q,J <∞.
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Since
f =ψ ∗ f +
∞∑
k=
ϕk ∗ f ,
it is suﬃcient to prove
ψ ∗ f +
∞∑
k=
ϕk ∗ f ∈Wsp (K) +Wsp (K).
Assume s < s, then
Wsp (K) +Wsp (K) =Wsp (K).
By Lemma , we have









‖ψ ∗ f ‖α,p +
∞∑
k=
(s–s)kks‖ϕk ∗ f ‖α,p
)
≤ C‖f ‖sp,q <∞.
This gives the proof of Theorem . 
We have the following version of the Calderón reproducing formula on K, the proof is
standard (cf. []).
Lemma  Let ϕ ∈ S(K) and satisfy
∫
K
ϕ(x, t)dmα(x, t) = .
For f ∈ S ′(K) satisfying




f ∗ ϕr ∗ ϕr(x, t)drr → f (x, t) in S
′(K),
when  →  and A→ +∞.
Remark  When f ∈ Lpα(K) for ≤ p≤ +∞, it is easy to prove that f satisﬁes the condition
of Lemma .
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Theorem  Let ≤ p, q ≤ ∞ and s > . Then
Lpα(K)∩ ˙sp,q(K) = Bsp,q(K),
where ˙sp,q(K) is the generalized homogeneous Besov-Laguerre type space deﬁned in [].
Proof By the Theorem . in [],
Lpα(K)∩ ˙sp,q(K)⊆ Bsp,q(K).
Conversely, let f ∈ Bsp,q(K), then by Lemma ,
‖ϕk ∗ f ‖α,p ≤ C‖ψ ∗ f ‖α,p, k < .




sk‖ϕk ∗ f ‖α,p
)q) q ≤ C‖ψ ∗ f ‖α,p.
When s > , it is easy to prove f ∈ Lpα(K) for f ∈ Bsp,q(K). By Remark  and Lemma , we
have f ∈ ˙sp,q(K). Therefore,
Lpα(K)∩ ˙sp,q(K) = Bsp,q(K).
This completes the proof of Theorem . 
By Theorem  and Theorem , we know our deﬁnition coincides with the Deﬁnition .
in [] for ≤ p, q≤ ∞ and s > .
By the properties of the Bessel potential space and the real interpolation, we can get
the following properties about the Besov space, which are similar to those of the classical
Besov space.
Proposition 
() If s < s, then Bsp,q(K)⊂ Bsp,q(K), s, s ∈ R, ≤ p, q≤ ∞.
() If ≤ q < q ≤ ∞, then Bsp,q (K)⊂ Bsp,q (K), where s ∈ R, ≤ p≤ ∞.
() Bsp, ⊆Wsp ⊂ Bsp,∞, s ∈ R, ≤ p≤ ∞.
() (Bsp,q(K))′ = B–sp′ ,q′ (K), s ∈ R, ≤ p≤ ∞, ≤ q <∞.
() Jt : Bsp,q(K)→ Bs+tp,q(K) is a linear bounded one-to-one operator.
() Bsp,q(K)⊂ Bsp,q (K), ≤ p≤ p ≤ ∞, ≤ q≤ q ≤ ∞, s, s ∈ R, s – α+p = s – α+p .
4 Triebel-Lizorkin space onK
In this section, we will deﬁne a Triebel-Lizorkin space on K by the complex interpolation
of the Bessel potential space and the Besov space. Then, we study some basic properties
about the Triebel-Lizorkin space on K.
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In order to give an equivalent norm for Fsp,q(K), we need the following Lemma (cf. []).
Lemma  Let h(λ,m) be a ([ α+ ] + ) times diﬀerentiable function on R and satisfy∣∣∣∣( + ( + ∂∂λ
))j
h(λ,m)
∣∣∣∣≤ Cj((m + α + )|λ|)–j
for j = , , , . . . , [ α+ ] + , and T be an operator deﬁned by T̂f (λ,m) = h(λ,m)fˆ (λ,m). Then
T is bounded on Lpα(K), where  < p <∞.
The proof of the following lemma can be found in [].
Lemma  Let s ∈ R and {rj(t)}∞j= be the Rademacher functions (cf. []). Then for every p,
with  < p <∞ and t ∈ [, ], we have constants A, A such that ‖F–(mifˆ )‖α,p ≤ Ai‖f ‖α,p,









































, j = , , . . . .
Then, Lemma  follows from Lemma . 
By Lemma , we can prove
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dt ≤ A‖f ‖Wsp . ()







































≤ C‖f ‖Wsp . ()






























k(x, t)μ(x, t)dmα(x, t),
where p +

q = , we can choose μ ∈ Lqα(K) such that ‖μ‖α,q =  and∫
K
k(x, t)μ(x, t)dmα(x, t)≥ ‖k‖α,p.
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‖f ‖Wsp = ‖g‖α,p ≤ C
∫
K
































js(f ∗ ϕj)(x, t)
)(






























≤ C‖w‖W–sq = C‖μ‖α,q = C.
Thus










Then Theorem  follows from () and (). 
The following lemma has been proved in [].
Lemma  Let ≤ P, P <∞,  < θ <  and p = –θp + θp .










() If Aj , j = , , . . . are Banach spaces and
lp(Aj) =
{
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where ≤ p <∞ and {Aj,Bj}, j = , , . . . are interpolation couples, then we have
[








Now we can prove the main result of this section.







where s, s ∈ R,  < p, p <∞,  < θ < , s = ( – θ )s + θs, and p = –θp + θp , q = –θ + θp .






























Let Aj = jsC, Bj = jsC, where C is the set of complex numbers. Then, by Lemma , we
can get our theorem (cf. []). 
By the properties of the Sobolev space and the Besov space, we can get the following
properties of the Triebel-Lizorkin space on K.
Proposition 
() Let  < p <∞,  < q < q <∞, s ∈ R. Then
Fsp,q (K)⊆ Fsp,q (K).
() Let  < p <∞,  < q < q <∞,  > . Then Fs+p,q (K)⊆ Fsp,q (K).
() Let  < p <∞,  < q <∞, s ∈ R. Then
Bsp,min{p,q}(K)⊆ Fsp,q(K)⊆ Bsp,max{p,q}(K).
() Wsp(K) = Fsp,(K),  < p <∞, s ∈ R.
() (Fsp,q(K))′ = F–sp′ ,q′ (K), where  < p, q <∞, s ∈ R and p + p′ = , q + q′ = .
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